We perform a global Bayesian analysis of currently available neutrino data, putting data from oscillation experiments, neutrinoless double beta decay (0νββ), and precision cosmology on an equal footing. We evaluate the discovery potential of future 0νββ experiments and the Bayes factor of the two possible neutrino mass ordering schemes for different prior choices. We show that the indication for normal ordering is still very mild and does not strongly depend on realistic prior assumptions or different combinations of cosmological data sets. We find a wide range for 0νββ discovery potential, depending on the absolute neutrino mass scale, mass ordering and achievable background level.
INTRODUCTION
Neutrino physics is one of the most attractive fields to look for new physics, and many parameters in the neutrino sector are not yet determined. A series of oscillation experiments has established the fact that at least two neutrino masses are distinct from zero, but their smallness cannot be accommodated within the Standard Model of Particle Physics. Furthermore, quantities like the Dirac phase δ CP describing the difference between matter and antimatter, the absolute neutrino mass scale, or the mass ordering (i.e., which neutrino is the lightest) are currently only poorly restricted [1] . The even more fundamental question of whether neutrinos are of Majorana or of Dirac nature (i.e., whether they are identical to their antiparticles, or not) is also still unanswered. A global analysis, combining all relevant experimental results and using the current data as efficiently as possible, is the most suitable way to address these open issues. It additionally informs upcoming experimental choices.
The first fully comprehensive Bayesian analysis of this kind is presented in this letter. We use information from oscillation experiments, precision cosmology, and neutrinoless double beta decay (0νββ). While previous works focus mostly on one of these aspects, we adopt a fully global view. Our analysis is based on the minimal framework of three light Majorana neutrinos, the most predictive setting for neutrino physics. We use global oscillation data from the nu-fit collaboration [1] , cosmological data from the Planck Legacy Archive (PLA), 1 and data from the 0νββ-experiments KamLAND-Zen [2] , EXO-200 [3] , and GERDA [4] . We do not include single β decay results as they currently do not provide additional constraints.
We extract the implications for future 0νββ-experiments and also address whether current data may already exhibit a tendency towards the normal ordering scheme -which is currently under intense debate [5] [6] [7] [8] .
Bayes' Theorem provides the logical path from the probability of data under different hypotheses H i , 1 Based on observations by Planck (http://www.esa.int/Planck). P (D|H i ), to the probability of a hypothesis being correct given the data. It requires the explicit definition of prior probabilities. Any other approach is either incoherent (for a discussion of p-values as evidence, see e.g. [9] ), requires predefined error rates (Neyman frequentist approach [10] ), or contains implicit prior choicesall of which are to be disfavored. If the outcome depends strongly on the choice of prior, this is simply an indication that the data is not powerful enough to draw a conclusion. In this context, it is important to find the implications from a range of reasonable prior choices.
For our analysis we assign equal prior probabilities to the two mass orderings. For the absolute neutrino mass scale, the choice of the prior on the mass, m lightest , of the lightest neutrino is critical. At present, only an upper limit is available. We consider two choices: A prior flat in m lightest (this will tend to favor larger values and reflects the sizes of the measured solar and atmospheric mass square differences ∆m 2 ≡ m 1 |) and a scale-free prior (flat in the logarithm of m lightest , which tends to favor small values and reflects the fact that the absolute neutrino mass scale is still unknown). We then evaluate the consequences of both prior choices on the posterior probabilities.
Technical details regarding priors and likelihoods are provided in the supplementary material.
PARAMETER SPACE, LIKELIHOODS, PRIORS
Parameter space Our analysis depends on eight parameters, aggregated into the vector θ:
Here, m lightest is the smallest neutrino mass eigenvalue, while s 2 ij denotes the sine squared of the mixing angle θ ij . The Majorana phases α 1 and α 2 take trivial values if neutrinos are of Dirac nature. The nuclear matrix elements (NMEs) required to calculate rates of 0νββ for different considered isotopes are condensed into G. Note that θ does not contain the Dirac phase δ CP or s Likelihood The global likelihood function L glob is a function that depends non-trivially on all eight parameters. Since every suite of experiment constitutes an independent data set, we can factorize the likelihood:
The cosmological term L cosmo only depends on the sum of neutrino masses,
and hence on m lightest , ∆m 2 , and ∆m 2 A . We reconstructed the likelihood from the Markov chains that are publicly available on the PLA. As those chains were sampled on a prior flat in Σ, one can construct a function of Σ that is directly proportional to L cosmo from these chains.
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To be agnostic about the choice of datasets used in our analysis, we chose two models: both contain the T T correlation of the Cosmic Microwave Background (CMB), a joint likelihood on T T , EE, BB, and T E correlations 4 for low multipoles (2 ≤ l ≤ 29), as well as weak gravitational lensing data. We refer to this combination of data as conservative model. Augmenting the data by data from Baryonic Accoustic Oscillations (BAO) defines a restrictive model, which puts tighter constraints onto Σ.
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The term L 0νββ is factorized into three terms for GERDA, KamLAND-Zen, and EXO, respectively. Each term is well parametrized by the form
where T 1/2 is the neutrinoless double beta decay half-life in units of 10 25 a. The parameters entering this formula have either been determined directly from published data or confirmed by the experimental collaborations.
The neutrino oscillation data is adopted from the global oscillation fit provided by nu-fit.org [1] . This collaboration does not provide a public likelihood function depending on all oscillation parameters. We thus approximate the likelihood using a spline-fit of the 1-dimensional projections of their ∆χ 2 fit onto the relevant parameters, shifting the distributions so they have 2 Such an "external" parameter is called hyperparameter. 3 Note that the choice of prior used by the Planck collaboration is, in fact, unphysical, since Σ has a minimal value Σ min = 0. As shown in [5] , using a more realistic prior, the resulting constraints become stronger, but they constrain (Σ − Σ min ), making the corresponding limit on Σ appear looser. 4 Here, T refers to the temperature of the CMB, while E and B denote the basic patterns of its polarization. 5 We use the PLA data sets base mnu plikHM TT lowTEB lensing (conservative) and base mnu plikHM TT lowTEB lensing BAO (restrictive).
a minimum at ∆χ 2 = 0, and taking the likelihood to be a product of the resulting four factors. Each such factor is given by
where χ 2 (θ i ) is the one dimensional projection onto the parameter θ i . To account for the slight tendency of oscillation data to favor NO, we then added one offset ∆χ 2 = 0.83 [1] to the product value for IO after recalibrating the projections. This procedure avoids counting the slight inclination towards NO each time it gets projected onto one parameter. The quoted value of ∆χ 2 corresponds to a Bayes factor of 1.5 in favor of NO.
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Priors Our choice of priors is intended to be informative whenever possible, and otherwise agnostic for parameters with little or no information available. For mass square differences and mixing angles, we choose flat priors extending well beyond the best-fit values for both orderings, since the likelihood functions severely constrain their values in any case. The choice of range does not influence our results. For the Majorana phases α 1 and α 2 , we choose priors flat on the entire range [0, 2π], as we do not have any prior knowledge or theoretical motivation for an informative distribution. The prior on the NME factor G of a certain isotope is discrete, equally weighing the different theoretical calculations, which deviate from one another by factors of up to three.
We choose two very different priors for m lightest , to explicitly show how results depend on the respective assumption.
Both choices span the range 10 −7 eV, 0.6 eV . 7 The flat prior allocates 90% of the probability mass at values greater than 60 meV, while the scale-free log prior allocates about 85% in a region where m lightest < 60 meV.
RESULTS OF OUR ANALYSIS
For all combinations of neutrino mass ordering, cosmological data set, and prior for m lightest , we used the BAT Markov chain Monte Carlo code in version v1.0.0-RC1 [12] to sample from the posterior probability density. For each scenario, we ran 4 Markov chains with Posterior probabilities For fixed mass ordering, cosmology, and prior on m lightest , we show the posterior probability density in the plane of the effective mass |m ee | controlling the 0νββ rate and the sum Σ of neutrino masses in fig. 1 . We combine the NO and the IO cases into subplots in a "back-to-back" manner. We also show theoretical envelopes bounding the regions in the Σ-|m ee | parameter space if the Majorana phases are varied within their full ranges while the relevant oscillations parameters are kept at their best fit values (dashed lines) or varied within their 3σ ranges (solid lines).
Choosing the restrictive cosmological data sets forces Σ (and by means of oscillation data also m lightest ) to be smaller, resulting in more probability mass shifted to-
FIG. 2: Probability distribution for T 1/2 for both 76 Ge and 136 Xe (conservative cosmology). The distributions on the left feature a prior flat in m lightest , while the ones on the right feature a prior flat in log(m lightest ).
wards smaller values of |m ee |. Another clear feature is the fact that a scale-free prior on m lightest leaves almost no probability mass in regions where Σ > ∼ 0.1 eV. Finally, we note that the highest probability density tends to be at the upper ends of the allowed |m ee | ranges for a given Σ. This reflects the flat prior assumption on the Majorana phases, which makes it highly unlikely to get a cancellation of terms leading to vanishing |m ee | [13] [14] [15] .
Double Beta Decay The posterior samples from our global fits can be used to infer the discovery potential for 0νββ experiments. The relevant quantity is the half-life probability distribution, examples of which are shown in fig. 2 . 8 As expected, the probability mass at smaller halflife is always bigger in the case of IO. However, for the log prior (right panel), favoring small m lightest , the effect is much more pronounced than in the case of the flat prior (left panel). Additionally, the log prior leads to a spikier structure of the probability distribution, caused by the discrete set of values for G.
The relationship between the signal expectation and the half-life is
where N A is Avogadro's number and m enr is the molar mass of the relevant enriched isotope. E is the exposure and is the efficiency to find a signal in the region of interest. The latter includes active/fiducial mass considerations as well as signal reconstruction efficiencies. Selected results for the discovery potential for 0νββ, assuming light Majorana neutrinos as the source of a signal, are presented as a function of effective exposure E for four different background levels (BG = 0.1, 1, 10, 100 events) for 76 Ge and three for 136 Xe (BG = 1, 10, 100) 9 in fig. 3 . The discovery potential can be used to judge the merits of individual experiments. In general, we see that a prior flat in m lightest gives a much larger probability for discovery than a prior flat in log(m lightest ). The importance of keeping the background small is obvious from these plots.
Mass ordering As noted earlier, the oscillation data give a Bayes factor of 1.5 in favor of the normal mass ordering. We have evaluated the Bayes factor that results from including the data of cosmology and 0νββ into the analysis for the different cosmological data sets used as well as for our two choices of priors on m lightest . The results are shown in Table I . As can be seen, the addi- tional data and our choices of priors do not change the conclusions significantly.
CONCLUSIONS
In this work, we have conducted a global Bayesian analysis of neutrino mass parameters within the minimal framework of three light Majorana neutrinos, combining data from oscillation experiments, 0νββ decay, and precision cosmology. Working with one prior flat in m lightest and another one flat in log (m lightest ), we have investigated both extreme cases of uninformative priors for the critical parameter m lightest . Combining these priors with a more conservative cosmological data set on one hand and a more restrictive one on the other hand, we conclude that the posterior probability for NO is still very mild, even in the extreme case of a restrictive cosmology and a flat prior on m lightest . In the other cases, the slight inclination towards NO is almost entirely driven by neutrino oscillation experiments.
Furthermore we have evaluated the posterior distributions of T 1/2 in the different combinations of priors and cosmological data sets as well as for different isotopes. This allowed us to infer the discovery potential of different experimental approaches for 0νββ. Depending on the neutrino mass ordering, the achievable effective exposure, and the background level, the discovery potential spans a wide range. Assuming a flat prior for m lightest is in all cases favorable for 0νββ searches as is the inverted mass ordering.
Our approach of putting all relevant experimental insights on a consistent and equal footing helps to pave the way for future comprehensive analyses of neutrino data. Additional data can be easily accommodated and probabilities updated in this scheme. 
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Supplementary Material
This supplementary material describes how we obtained the likelihood functions, it illustrates the procedure we used to determine discovery potentials, and it also presents our main result (namely the posterior probability densities) in an alternative coordinate system, which only uses observables accessible in laboratory experiments.
STATISTICAL FORMULATION
The analysis was performed using Bayes' Theorem:
where H is the hypothesis to which we are assigning a probability, D represents the data being used to update the probability, and I is the additional information and constraints that have been used to define the probabilities. P 0 (H|I) is the prior probability assignment to H. The denominator can be rewritten using the Law of Total Probability as
where M i represent different models allowed under I subject to i P (M i |I) = 1 and θ are the (possibly different) parameters present in the model. P (θ|M i , I) is also normalized. In our analysis, we assume that there are three light Majorana neutrinos, and have two models representing the two allowed mass ordering schemes: normal (NO: m 1 < m 2 < m 3 ) or inverted (IO: m 3 < m 1 < m 2 ). We assign equal prior probabilities to the two mass orderings: P (M 1 = NO|I) = P (M 2 = IO|I) = 1/2. The parameters used are
where m lightest is the smallest neutrino mass eigenvalue and s 2 ij denotes the sine squared of the mixing angle θ ij . The Majorana phases α 1 and α 2 take trivial values if neutrinos are of Dirac nature. The nuclear matrix elements (NMEs) required to calculate rates for 0νββ are collectively denoted by G. Note that θ does not contain the Dirac phase δ CP or s 2 23 , as they only affect neutrinos oscillations but not 0νββ or cosmology. We assign flat probabilities to all parameters except for m lightest and G. The latter are discussed in more detail below. For the parameters with flat priors, the ranges were defined either to be the maximal range (for the phases) or to cover a sufficiently wide range so as not to affect the results. For example, in the case of the mixing angles and squared mass differences, the parameters Xe, along with the input values. As can be seen, the posterior probabilities basically reproduce the input, i.e., the current constraints are not sufficiently strong to impact NME computations.
are so strongly constrained by the oscillation data that values even remotely close to the edges are already strongly disfavored. We consider two prior probability assignments for m lightest : A prior flat in m lightest (this will tend to favor larger values and it reflects the sizes of the measured mass square differences ∆m 2 ≡ m 1 |) and a scale-free prior (flat in the logarithm of m lightest , which tends to favor small values and reflects the fact that the absolute neutrino mass scale is still unknown). We note that
The prior probability for G was defined by assigning equal probabilities of 1/9 to the different matrix element computations, the results of which are collected in Table II , using the normalization corresponding to the following half-life formula [16] :
where G 0ν is a phase space factor which can be easily computed for any isotope under consideration (we make use of the values from Ref. [17] , which were slightly updated by Ref. [18] ). M 0ν is the NME, which encodes all nuclear physics that goes into the process. Some remarks are at order concerning the values shown in Tab. II. For definiteness, we have adopted the standard value g A = 1.25 for the axial vector coupling, which means that we had to rescale some of the NMEs [19, 20] . Also the phase space factors used [17, 18] [22] , where in some cases the smaller and in others the larger value has been chosen. Nevertheless, none of the treatments is wrong in the sense that at the moment the values still suffer from nuclear physics uncertainties, and there exists no way to decide which value is closer to reality. The NMEs are shown together with their posterior probabilities in Fig. 4 . While we only show results for 76 Ge and 136 Xe, it is straightforward to extend the analysis to any isotope for which NMEs have been calculated. [24] 5.47 3.36 Proton-Neutron QRPA [25] 5.52 3.35 Self-Consistent Renormalized QRPA (Bonn potential) [21] 5.82 3.36 Self-Consistent Renormalized QRPA (Argonne V18 potential) [21] 5.44 2.75 QRPA (Bonn potential) [20] 5.40 2.38 QRPA (Argonne V18 potential) [20] 5.00 2.11 Deformed Self-Consistent Skyrme QRPA [26] 5.53 1.68 The probability of the data, P (D|M i , θ, I), viewed as function of the parameters with the data fixed, is known as the likelihood L(θ). In the following, we describe which prescriptions were used to define these likelihoods.
Neutrino Oscillation Data
The neutrino oscillation likelihood is taken from nu-fit.org [1] , of which we have used v3.0 of their neutrino oscillation global fit results. As described in the main text, we have converted the ∆χ 2 projections from nu-fit.org into likelihood functions, L(θ i ) ∝ exp −∆χ 2 (θ i )/2 , where ∆χ 2 (θ i ) is the ∆χ 2 projection for the parameter θ i . The likelihoods are shown in Fig. 5 . Note that the fit by nu-fit.org very slightly disfavors IO, by an offset ∆χ 2 = 0.83. However, while this value appears in each of the projections shown by that collaboration, we have to be careful not to penalize IO more than once in our analysis, because the value of 0.83 also appears only once in the full χ 2 -function, before projecting out individual parameters. We have accounted for this by adding the offset only once, to avoid an artificial worsening of IO which would even increase with the number of parameters used. Note that this results in a global factor in front of the likelihood function for IO, which drops out when computing posterior probabilities. However, once we compute a Bayes Factor, both likelihoods need to share a common normalization to make sense of the values obtained, and in that case this constant prefactor does play a role, and it corresponds to the factor of 1.5 in favor of NO, as mentioned in the main text.
FIG. 6: Likelihood functions for the different 0νββ experiments (left) and cosmological data sets (right).
Double Beta Decay data
The most strongly constraining experiments to date are the GERDA, KamLAND-Zen, and EXO experiments, and we have included likelihood terms for these experiments in our analysis. The data were analyzed and presented in different ways by the three experiments. We discuss these in turn to explain how we included these data into our Bayesian analysis. Note that T 1/2 values are always given in units of 10 25 years. The functions we will present in the following are plotted in the left panel of Fig. 6 for illustration.
GERDA
The GERDA Collaboration [27] performed both a Bayesian and a frequentist limit setting analysis on their data. We use the posterior probability density for the inverse of the half-life of 76 Ge as determined by the GERDA Collaboration, which is well parametrized by the form 
Since GERDA used a flat prior for 1/T Ge 1/2 , we use
(1/T 
The Phase-I and Phase-II results were used separately, and the following parametrizations were found to represent the KamLAND-Zen results well: 
EXO
The EXO Collaboration also performed a frequentist analysis and presented confidence level limits on T Xe 1/2 . However, the background expectation, background uncertainty, and observed numbers of events were presented in the paper [29] , allowing for the construction of the likelihood as
where the signal expectation ν depends on T Xe 1/2 as well as on the exposure and the efficiency, which are both given in Ref. [29] . The background level is given by λ and is centered on λ 0 . The uncertainty is introduced by smearing the expectation with a Gaussian of width σ λ . The observed number of events is n = 39. The resulting likelihood is well parametrized by the form
We note that the peak is at finite T Xe 1/2 since more events were observed than expected from background processes.
Cosmological Data sets
The cosmological factor L cosmo contains extensive information about cosmic structure formation and cannot be given in a simple closed form. Instead, we have used Markov chains sampling the posterior for different combinations of datasets that are publicly available on the Planck Legacy Archive (PLA).
12 These posterior samples were obtained from a uniform prior in Σ, such that the posterior is identical to the likelihood except for some unknown normalization that is irrelevant in our implementation. The total number of samples for each model is about 50 × 10 3 . The samples were binned into 50 bins to obtain a likelihood estimator, which was then fit to the following four-parameter template:
This functional form is related to the generalized Gamma distribution and it is a good empirical fit to likelihood, as the right panel of Fig. 6 shows. Tab. III lists the fit coefficients we obtained for the two cosmological data sets used in our analysis. H 0 There are only background processes producing the data;
H 1 There is, additionally to the background processes, also a signal from neutrinoless double beta decay.
The full information is contained in the posterior probability for the hypothesis given the data, P (H 1 |D). If this probability is large enough, then a 'discovery' can be claimed. We will use the related concept of posterior odds
and place requirements on this quantity to claim a discovery. Assuming the two hypotheses are exhaustive 13 we have
The posterior odds are then given by
are the prior odds. The factor
is known as the 'Bayes Factor'. We consider the case of a single experiment measuring n events in a given region of interest defined by the Q value of the decay, the background level, and the energy resolution. We use simple Poisson statistics to evaluate the discovery potential. Small improvements are possible by making use of the background and signal spectral shapes, but the additional sensitivity gained by doing this is not significant for our discussion. We will also ignore uncertainties in the background and assume it is well known. The uncertainty in the background typically has little effect on the discovery calculation if the background is small, but it can become important if this is not the case.
We use the symbol λ to represent the background expectation in the region of interest, and ν is the signal expectation given a half-life for the decay, the exposure, and the detection efficiency.
Given these definitions, we have
where P (ν ) is the probability to have the signal expectation ν given the experimental conditions and prior knowledge on T 1/2 . The probability of the data for H 0 is simply
where N A is Avogadro's number and m enr is the molar mass of the relevant enriched isotope. E is the exposure and is the efficiency to find a signal in the region of interest. The latter includes active/fiducial mass considerations as well as signal reconstruction efficiencies.
We evaluate the probability of a claim of discovery assuming three light Majorana neutrinos by:
where I is the indicator function:
In addition to the exposure and the signal efficiency, the discovery potential depends on the background level and on the cut value for the posterior odds. We take the prior odds to be 1. The probability distribution for ν is given by the results of our neutrino parameter analysis, and depends on the mass orderings, on the probability distribution for the effective neutrino mass in these orderings, and on the matrix element values. We give the probability distributions for T 1/2 for 76 Ge and 136 Xe for the different orderings, cosmological data sets sets, and mass scale priors in Fig. 7 . We use the output of BAT to carry out the integrals:
with N being the number of samples of T 1/2 taken from the Markov chain. Recall that the background level λ is fixed.
The discovery potential is presented as a function of efficiency reduced exposure, E , for four different background levels (λ = 0.1, 1, 10, 100) for Ge and three for Xe (1, 10, 100) . The results are shown in Figs. 8 and 9.
14 The cut value for the Bayes Factor was taken to be 100 -i.e., we would claim a discovery if H 1 was 100 times more probable than H 0 . This is an arbitrary choice, and varying it by a factor 10 is certainly possible, but it does not have strong influence on the results of this analysis. The jumps in the curve are due to the Poisson nature of the statistical fluctuations. FIG. 7: Posterior probability distributions for T 1/2 (300 bins) for both 76 Ge and 136 Xe, featuring both mass orderings and both priors on the lightest neutrino mass. As to be expected, the logarithmic prior disfavors NO more strongly than the flat prior.
POSTERIOR PROBABILITY FOR LAB-BASED EXPERIMENTS
In the main text, we have shown the heat map of posterior probability density in the Σ-|m ee | plane, i.e., in terms of the observables that are probed by cosmology and by 0νββ. This choice is inspired by these two observables being the most promising both to identify the neutrino mass ordering and to get information on the absolute neutrino mass scale. In the theoretical literature, one often finds plots of m lightest vs. |m ee |, see e.g. the literature on how to probe certain neutrino mass models by 0νββ [30] [31] [32] [33] . However, this choice is problematic in our case because not only is m lightest only a theoretical parameter rather than an actual observable, but it also exhibits a very strong dependence on the prior, which is poorly constrained.
When considering laboratory-based experiments, there is a long history of attempts to measure the neutrino mass in single beta decay experiments. These types of experiments are looking for deviations in the kinematic endpoint of the resulting electron spectrum, and what they constrain (at least with realistic resolution) is the so-called effective 
Constraints on m β have mainly been derived from tritium decay, by both MAINZ [34] and Troitsk [35] , however also future proposals focus on tritium 16 (such as Project 8 [37] , which aims at detecting cyclotron radiation from relativistic tritium ions). The most prominent on-going effort is provided by KATRIN [38] , which has recently started data taking and whose sensitivity on m β could possibly be of O(1 eV), with quoted values being dependent on the statistics used (e.g., Ref. [39] predicts a sensitivity of 0.20 eV based on frequentist methods and a sensitivity of 0.17 eV when using Bayesian statistics with a flat prior m 2 β ). The heat maps for our posterior probability densities for all combinations used of orderings and cosmological limits are displayed in Fig. 10 . The underlying data are equivalent to those shown in the main text. As can be seen, the generic tendencies are basically the same as for the Σ-|m ee | plot. However, even if the ultimate sensitivity limit of KATRIN is reached, it will not add a significant constraint on the parameter space for the scenarios investigated - and thus the current bounds do not provide any significant constraints. This is our justification for neglecting data from single beta decay experiments.
CONCLUSION
The probability density heat maps and 0νββ results are based on currently available data. They should be updated as new data becomes available.
FIG. 10:
Heat map of posterior probability density for both combinations of cosmological data sets and prior on m lightest . The upper panels depict the flat prior while the lower panels show the log prior. Note that the color-coding changes from linear to logarithmic. As for the plots in the main text, we used a random subset of the posterior sample with a size of 2 × 10 6 for each mass ordering, binned into a grid of 400 × 400 pixels.
